Context. VLBA monitoring of BL Lacertae at 15 GHz reveals a quasi-stationary radio feature in the innermost part of the jet at 0.26 mas from the radio core. Stationary features are found in many blazars but have rarely been explored in detail. Aims. We aim to study the kinematics, dynamics, and brightness of the quasi-stationary feature of the jet in BL Lacertae based on the VLBA monitoring with submilliarcsecond resolution (subparsec-scales) over 17 years. Methods. We analyse position uncertainties and flux leakage effects of the innermost quasi-stationary feature and develop statistical tools to differentiate the motions of stationary feature and radio core. We construct a toy model to simulate the observed emission of the quasi-stationary component.
Introduction
Quasi-stationary radio components were detected near the radio core of the jet in number of blazars with high-resolution Very Large Baseline Array (VLBA) monitoring at 15 GHz and 43 GHz (Cohen et al. 2014 , and references therein). Stationary components appear downstream from the radio core at a distance of about 10 4 to 10 8 gravitational radii of the central black hole in variety of blazars such as BL Lacs, FR I/II radio galaxies, and flat-spectrum radio quasars (Cohen et al. 2014) . A quasi-stationary feature observed in BL Lac (15 GHz) at 0.26 mas south from the radio core has been labeled as C7 and identified as a recollimation shock (RCS; Cohen et al. 2014) . Recollimation shocks are also evident in super-magnetosonic plasma flow from two-dimensional MHD simulations of relativistic flows in which the jet dynamics are dominated by helical magnetic fields (Lind et al. 1989; Marscher et al. 2008; Meier 2012; Fromm et al. 2016) . Component C7 (hereafter C7) is the closest to the radio core bright region and all moving radio components appear to emanate from C7 with relativistic speeds. Cohen et al. (2015) suggested that the trajectory of moving superluminal components is regulated by the dynamics of C7 and the jet dynamics is analogous to waves produced by rapidly shaken whip. In this model relativistic movements of the stationary component C7 excite transverse patterns (Alfén waves) in the jet which move downstream with superluminal speeds.
Very little is known about dynamics of quasi-stationary components in blazars. Studying the trajectory and kinematics of C7 in connection with varying Doppler beamed emission is of great importance for understanding the role of the quasistationary component in generating the jet dynamics in BL Lac. The challenge is that the scatter of positions of C7 on the sky covers about 0.1 mas, which is smaller than the 15 GHz image restoring beam FWHM size by a factor 6-9. The positional errors therefore have to be carefully evaluated before analysing the scatter of C7.
Here, we study a quasi-stationary radio component in BL Lac and use the VLBA data at 15 GHz gathered in the MOJAVE program (Lister et al. 2009 ). The paper is organised as follows. Section 2 describes the observational data. In sections 3 and 4 we analyse positional errors of C7 and its motion statistics, trajectory of smoothed motion and kinematics. Section 5 studies the on-sky distribution of brightness asymmetry of C7 and a simple model is elaborated in section 6. Finally, we present discussions and conclusions in sections 7 and 8, respectively.
For the BL Lac at redshift z = 0.0686, the linear scale is 1.296 pc mas −1 , assuming a flat cosmology with Ω m = 0.27, Ω Λ = 0.73, and H 0 = 71 km sec −1 Mpc −1 .
Observations: quasi-stationary component
There are 121 epochs of VLBA observations of BL Lacertae between 1999.37 and 2016.06, most of which were made under the MOJAVE program and 2-cm VLBA survey (Lister et al. 2009; Kellermann et al. 1998) , with the rest taken from the VLBA archive following certain data quality assessments.
Standard calibration techniques described in Lister et al. (2009) were used for data reduction and imaging. The visibility data were model fit using a limited number of two-dimensional circular or elliptical Gaussian components (see details in Cohen et al. 2014 Cohen et al. , 2015 .
At all but four epochs a bright quasi-stationary component C7 is present at a distance of 0.35 mas from the radio core at the position angle of P.A. ≈ −168. • 4 (Figures 2 and 3 in Cohen et al. 2014) . One epoch, at which the component has relative Dec > −0.15 mas and stands well apart from the main cluster of positions, is excluded. The scatter of the remaining 116 positions is about 0.1 mas in the RA−Dec plane (Fig. 1) .
Observations of BL Lac at 43 GHz (Jorstad et al. 2005; Mutel & Denn 2005) showed that there are three stationary components (A0, A1, and A3 as designated by Jorstad et al. 2005) in the inner region of the jet within 0.3 mas. Cohen et al. (2014) assumed that A0 is the 43 GHz VLBI core and A1 and A2 are stationary components which are likely to be stationary shocks. The distance of A2 component from the core is r = 0.29 mas and its position angle P.A. ≈ −166 • . The positions of C7 (15 GHz) and A2 (43 GHz) are in good agreement, indicating that the quasi-stationary component is real.
Positional errors of quasi-stationary component
The positions of C7 and corresponding positional errors between 1999.37 and 2016.06 are shown in Fig. 1 (dots and  crosses, respectively) . The positional errors are estimated using the procedure suggested by Lampton et al. (1976) and based on minimizing the χ 2 statistic. This approach allows to derive errors at any desired significance level α. The position of the centroid of the C7 scatter is defined by the median values RA med = −0.057 mas and Dec med = −0.254 mas, marked by the plus sign. The radio core is located at the position RA=0 mas and Dec=0 mas outside the plot. The line connecting the radio core and the median position of C7 (dashed line) is assumed to be the jet central axis (hereafter, "jet axis"), which has position angle of P.A. = −168 • (north to west). The scatter of C7 positions is quasi-circular with slight elongation along the jet central axis and has a size of ∼ 0.1 mas ( Fig. 1 ).
Fig. 1.
Distribution of 116 positions of C7 on the RA−Dec plane. The sizes of crosses correspond to positional errors of C7 in directions along the positional angle relative to the core and transverse to it. The median position of the scatter is marked by a plus sign. The dashed line connects the median position of C7 and radio core.
Errors of measurements. The positional errors of the modelfit Gaussian components are estimated from the interferometric visibility plane. The fitted parameters for every gaussian component include its flux density, position and size. Typically, the components were fitted as circular gaussians. In rare cases, the core was fitted by an elliptical gaussian. As shown by Lampton et al. (1976) , if S true ("correct model") is distributed like χ 2 with N degrees of freedom and the best-fit model S min with p free parameters is distributed like χ 2 with N − p degrees of freedom, then difference S true − S min is distributed like χ 2 with p degrees of freedom. Therefore, for each data set at a given epoch, characterized by N = 2n vis degrees of freedom (n vis is the number of usable visibilities) and a model with p degrees of freedom (a number of variable parameters minus two responsible for position), we change a position of the component by small but progressively increasing amount from its best fit and allow the model to relax. In Difmap, we obtain an increase in χ 2 , ∆χ 2 = (N − p)∆χ 2 reduced . All three parameters, χ 2 reduced , N, and p are provided by Difmap after executing a command modelfit. Now, the limiting ∆χ 2 contour for significance α is ∆χ 2 ≤ χ 2 p (α). Setting a chance probability α = 0.32 (68% confidence interval) and calculating the corresponding χ 2 p (α), we find such position change that satisfies the above equation. This way we obtain "1σ" error. Following this procedure we estimated C7 position errors in directions along the position angle of C7 relative to the core and transverse to it, also taking into account the position uncertainty of the core itself ( Fig. 1 ). The C7 position errors are highly asymmetric, with the average values along the jet direction and transverse to it to be 7.6 ± 0.5 µas and 2.1 ± 0.1 µas, respectively. We treat these errors as lower limits, since they assume that the complex telescope gains do not have any errors. In fact, the gain errors may contribute to the total budget of the position error trough phase self-calibration during hybrid imaging. We tried to take it into account by using selfcal in each modelling cycle and increasing N by (N ant − 1)N int , where N ant is the number of antennas in selfcal solution, and N int is the number of selfcal solution intervals. The obtained error assessments, though, show a residual inverse dependence on number of visibilities in a data set. This indicates that the station gain phases are not completely independent of each other, affecting the number of parameters in a non-trivial way. Thus, the errors obtained this way can be considered as upper limits. These are typically larger than the lower limits by a factor of a few. Therefore, we conclude that the true errors are somewhere between the extremes of assuming perfectly calibrated phases and taking every self-calibrated station gain as a free parameter.
Effects of flux leakage. In order to test how much the proximity of the bright core component affects the apparent dependence of C7's position on its flux, we carry out a set of simulations. For every epoch after 1999.37 with C7 present, we create a simulated data set in the following manner: 1) Two Gaussian components representing the core and C7 are subtracted from the actual calibrated (u, v) data. The properties of these two Gaussians are derived from the model-fitting. 2) We then add back to this (u, v) data two Gaussians with the same positions and sizes as the real core and C7, but with constant flux densities of 2 Jy and 1 Jy, respectively. 3) Finally, noise corresponding to the actual data weights is added. In this way we produce 106 visibility (u, v) data sets covering a time period of 1999.37-2016.06, and having exactly the same (u, v) coverages and noise properties as the real calibrated data. The only difference is that now the core and C7 both have constant flux densities. In the next step these simulated data sets are modelfitted by a person who did not know a priori what kind of core structure and flux densities to expect.
As a result, the component C7 is "found" by the modelfit procedure in 101 cases out of 106, with the core and C7 mean flux densities of 1.99 ± 0.02 Jy and 1.01 ± 0.02 Jy, respectively. No significant dependence between the C7 flux density and its position is established. Performing these simulations we also find that the flux leakage between the C7 and the core is typically small, within 10 %, but can reach up to 50 % in rare cases.
Trajectory of motion and kinematics of a quasi-stationary component
Asymmetry of displacement vectors. To study the motion of the C7 quasi-stationary component we introduce the displacement vector r, which defines the direction of motion and angular displacement r = |r| in the sky between two consequent epochs t and t + ∆t. It should be noted that the angular displacement is a combination of the cadence of observations and motions of C7 and the core, and it rather represents the apparent angular displacements (hereafter, apparent displacements).
The on-sky projection of trajectories of C7 between 1999.37 and 2016.06 is shown in Fig. 2 (left panel). The orientation of the apparent displacement vectors seems random, and the majority of vectors are concentrated in a circle of diameter ∼ 0.08 mas, which corresponds to 0.1 pc. To improve the visibility of orientations of the apparent displacement vectors we shift all the vectors in parallel so that their initial points coincide with median centre of the scatter of C7 positions (Fig. 2 , right panel). There is a clear asymmetry of displacement vectors in the jet axis direction and a number of excessive long vectors are oriented in random directions. The latter account for a tail in the distribution of apparent displacements ( Fig. 3 ) and, therefore, six displacement vectors with length r > 0.08 mas are further excluded from statistical analysis of our sample. Those are separately examined at the end of this section. An asymmetric distribution of apparent displacement vectors can arise due to dynamical/geometry reasons, intrinsic motion of C7, or motion of the core along the jet as a result of changes of pressure/density with time.
The observing intervals ∆t have a wide distribution, ranging from few days to several months ( Fig. 4 ). If the cadence of observations is high then the intrinsic motion should be reflected in smaller observed displacements, and vice-versa. This is evident in Fig. 4 , where the apparent displacements gradually increase with increasing the time δt between epochs. We use an interval ∆t = 35 days to divide the data into two comparable subsamples (n = 56 and n = 58). The apparent displacement vectors of C7 shifted to the median centre of the scattered positions are shown in Fig. 5 for each subsample. The distribution of apparent displacements is strongly asymmetric in the jet direction for small cadences < 35 days (top panel), while those observed with large cadences show much weaker anisotropy (bottom panel).
We examine the azimuthal distribution of apparent displacements r to test the anisotropy of all displacement vectors. We define a polar coordinate system centred on the scattered positions and polar axis aligned with the jet direction. The azimuthal angle ϕ between the polar axis and the apparent displacement vector increases in the anticlockwise (eastward) di- rection. We rotate an angular wedge of size ∆ϕ = 60 • with step of 30 • and calculate the number of apparent displacement vectors within the angular beam and their average length for each step. The mean apparent displacement varies significantly with azimuthal angle (Fig. 6 , top panel). It is longest in the direction of the jet axis at ϕ ∼ 0 • and ϕ ∼ 180 • (dotted vertical lines) and becomes shorter in directions transverse to the jet axis, ϕ ∼ 90 • and ϕ ∼ 300 • (dot-dashed vertical lines). The difference between mean apparent displacements at maxima and minima is highly significant. The distribution of apparent displacements of C7 is asymmetric, with a tendency to become longer in the jet direction. Surprisingly, the number of vectors varies along the azimuth in the same fashion (Fig. 6 , bottom panel), i.e., it has maximum in the jet direction and reaches a minimum transverse to the jet axis. The number of apparent displacement vectors aligned with the jet n j is about twice the number of those normal to the jet axis n t , n j /n t ≈ 2, which is larger by a factor of two than that expected from an isotropic orientation of apparent displacement vectors. We conclude that the vector of apparent displacements of C7 are preferentially oriented along the jet, and have larger magnitudes in this direction.
Motion of the radio core and quasi-stationary component.
The observed anisotropy and asymmetry of the trajectories of C7 can be explained by preferential motion of either the radio core or C7 (or both) along the jet direction. The compact radio core of the jet is used in the image analysis of the VLBA observations as the reference point to measure angular displacements to stationary and moving radio features. C7 is assumed to be the nozzle of the jet that swings and generates transverse waves (Cohen et al. 2014 (Cohen et al. , 2015 . We can exclude that the possibility that C7 swings along the jet or in the plane passing through the jet and the line of sight of the observer, since the main cluster of C7 positions are distributed within ∼ 0.1 mas around the jet, meaning that C7 moves in all directions. The shift of the core along the jet may happen due to resolution-dependent effects and/or changes of opacity (or in electron density) in the core region (see more detail discussions on these effects in section 7).
We now develop a model where the core and C7 have intrinsic motions with respect to the central black hole of BL Lac: (i) the core position wanders in the direction of the jet axis and (ii) the C7 moves in random directions within a spherical volume limited by a radius s max of the scatter of positions. We denote the spatial displacement vectors of the C7 and core by S and C and their on-sky projections by s and c, respectively, which we call the displacement vectors of the C7 and core. In the VLBA images we are able to measure only the relative (apparent) motion of C7 with respect to the core. Then the apparent displacement vector of C7 (r) is the combination of the displacement vectors,
(1) If the motion of the core dominates over the motion of the C7, c ≫ s, then r ≈ −c, i.e., the apparent motion of C7 is the mirror reflection of the asymmetric motion of the core along the jet axis. In the case of c ≪ s, the core motion is negligible and we recover the motion of C7, r ≈ s. The projection of a vector on the jet axis is defined to be positive downstream the jet. The projections of the apparent displacements r onto the jet axis are
where c ∈ [−c max , c max ] and s j ∈ [−s max , s max ].
Let an axis transverse to the jet intersect the latter at the median position of C7. The transverse projections of the apparent displacements r are independent of displacements of the radio core since the transverse projections of the core c n = 0, then
where s n = s sin(α) ∈ [0, s max ] and α ∈ [0, π] is the angle between the jet axis and the vector s. We wish to quantify the relative contribution of the displacements of the radio core and C7. Let us designate the probability density functions of the dependent variable by f (r ≡ |r|) and independent variables by g(c) and h(s) and the probability density function of the spatial displacements of C7 by H(S ). We take the advantage of the isotropic distribution of the S to relate the statistics S and s to the statistics of measurable quantities r j and r n .
Considering that the displacements of C7 s = S sin(φ) (where φ ∈ [0, π] is the angle between the spatial vector S and the line of sight) and the vectors S are distributed isotropically, K(φ) = 1 2 sin(φ), we can derive an integral relation between the probability density functions h(s) and H(S ) (see for an example, Arshakian & Longair 2000) ,
We introduce the first and second moments of the probability density function H(S ) by multiplying Eq. (4) by sds and s 2 ds and integrating from 0 to s max . We recover the mean and mean square of spatial displacements,
and variance of S ,
The values s and s 2 are not known and our next step is to relate these quantities to a measurable parameter. Let us consider the projections of the displacements s transverse to the jet axis, s n = s sin(α), where α ∈ [0, π] is the angle between the jet axis and the vector s. Using the assumption of isotropy of s, K(α) = 1/π, we obtain an integral relation between the probability density functions h(s) and u(s n ),
We derive the first and second moments of h(s) in the same way as for Eq. (4). Taking into account the equality s n = r n (Eq. (3)), we obtain the mean and variance of the displacements of C7, which are expressed in terms of a measurable parameter r n , s = π 2 r n and s 2 = 2r 2 n (8)
and
Substituting the latter into Eqs. (5) and (6), we derive the mean and variance of the spatial displacements of C7,
We estimate the spatial mean displacement of C7, S = 0.033 mas, and standard deviation of spatial displacements, σ S = 0.028 mas, for the period 1999.37-2016.06. Our next task is to derive the relation between the statistics of the core and the r j . The mean of the sum of two independent variables c and s j (see Eq. (2)) is
and the variance is given by
The mean r j is estimated from the transverse projections r j .
Since the s = 0 due to isotropy of vectors s, then we obtain from Eq. (12),
considering that the variances of the projections of isotropic displacements s on the jet axis and transverse to the jet axis are equal σ 2 s j = σ 2 s n and the equality σ 2 s n = σ 2 r n (Eq.
( 3)). The distribution of r j is near-symmetric (unfilled boxes in histogram in Fig. 7 ) with mean r j ≈ 10 −4 mas and standard deviation σ r j = 0.028 mas, and we estimate the mean displacement of the core c ≈ 0 and σ c = 0.022 mas for the period 1999.37-2016.06 (Table 1) . The same statistics of the C7 are s = 0.026 mas and σ c = 0.024 mas. To compare the significance of the means of the C7 and core, we use the root of the second moment for the C7 (Eq. (8)),
and for the core the standard deviation is the RMS, σ c = c 2 1 2 , since c = 0, then For the period 1999.37-2016.06 the RMS of the displacements of C7 is larger by a factor of 1.5 than that of the core (0.035 mas > 0.022 mas; see Table 1 ). It indicates that the motion of C7 is dominant in the apparent motion of C7. Cohen et al. (2015) noticed a different jet behaviour in 2010-2013, i.e., the P.A. of the jet varies in a small range around −170 • .5 and most of the jet ridge lines show weak quasistanding wiggles. They suggested that the intense swinging of C7 in P.A. excites large transverse waves downstream in the jet, while the small variation of the P.A. generates a weak variable wiggle seen in 2010-2013. For the latter period, we plot the apparent displacement vectors of C7 (left panel in Fig. 8 ) and these vectors centred at the median position of C7 (right panel). The apparent displacement vectors have preferential orientation along the jet axis (dashed line). A larger contribution to the asymmetry of the apparent displacements of C7 is due to displacements of the core, for which the RMS c = 0.019 mas is larger than the RMS s = 0.015 mas of C7 (Table 1 ). The contribution of C7 (the isotropic component) becomes significant during the time period beyond 2010-2013 when the jet swinging activity is high. A comparison of statistics between 2010-2013 and beyond it (1999.37-2010 and 2013-2016.06) shows that during the latter periods the RMS of C7 becomes larger by a factor of 2.6, while the RMS of the core changes by a factor of 1.2 in a small range between 0.019 mas and 0.023 mas. It indicates that the motions of the core and C7 are independent events. During the jet swinging state the mean displacement (or swinging amplitude) of C7 is becoming larger, while the core shift activity remains on the same level and is independent on the swinging amplitude of C7.
The smaller the observing intervals the more realistic the trajectories of C7. For the observing intervals ∆t < 35 days, the RMS of the displacements of C7 and core are of comparable importance, 0.024 mas and 0.021 mas (see Table 1 ).
We conclude that the core shift can account for both asymmetric and anisotropic distributions of the apparent displacements of C7 ( Fig. 6 ) and the contribution of the core shift to the apparent motion of C7 is dominant during the jet stable state, when the swinging activity is relaxed, and it becomes secondary when the swinging activity is high.
We introduce an RMS for the spatial displacements of C7 and core. The RMS displacement of C7 is the square root of the second moment (the second term in the Eq. (11)), RMS S = 3r 2 n 1/2 , and RMS of the core is simply,
The RMS of the spatial displacements of the core between 1999.37-2016.06 is RMS C = 0.16 mas and it is about four times greater than the RMS S = 0.04. In fact, the spatial statistical characteristics of the core are much higher than those of the C7, but they are strongly reduced due to foreshortening by a factor of about 7.
Trajectory of motion. The best epochs to trace the motion of C7 on time scales of few months are between 2010 and 2013, when the jet is in its stable state and the variance of Table 1 . Estimates of the mean, standard deviation, and root mean square of the displacements of the C7 and core (marked in bold font). The unit of measurements is given in mas. Notes. Columns are as follows: (1) range of epochs and cadences, (2) number of epochs, (3) r n is the mean of apparent displacements of C7 projected normal to the jet axis, (4) r 2 n is the mean of r n squared, (5) s is the mean of displacements of C7 (Eq. (8)), (6) σ s is the standard deviation of the displacements (Eq. (9)), (7) RMS s of the displacements of the C7 (Eq. (16)), (8) σ 2 r j is the variance of projections of the apparent displacements of C7 on the jet axis, (9) c is the mean displacement of the core (Eq. (14)), (10) RMS c or σ c of the displacements of the core (Eq. (17)). the displacements of C7 is therefore at minimum (see Table 1 ). Variations of the C7 P.A. are very small and the ridge line of the jet beyond C7 has a weak variable wiggle (Cohen et al. 2015) . The high cadence of observations during this three year period (≈ 1.2 months) allows for a detailed tracking of the C7 trajectory. C7 shows swinging motion with two reversals from clockwise to anticlockwise and backward to clock-wise on scales of about 0.06 pc (Fig. 8, left panel) .
Overall, the motion of C7 is affected significantly by the core displacements and large observing intervals. To reduce these effects we smooth the apparent motion of C7 in seven time intervals. The selection of each time interval comes from consideration of the variation of azimuthal angles of C7 with time ( Fig. 9) . We define the polar coordinate system with a pole in the median centre of the scatter and polar axis aligned with the jet. We notice that depending upon the epoch, the azimuthal angle is distributed in a specific angular range. Fig. 10 (top and middle panels) . Component C7 moves in randomly on time scales from several days to tens of days. Although the positions of C7 are significantly scattered, there is a tendency for the cluster of positions to move in the clockwise direction. To visualise the smoothed movement of C7, we plot the mean position of C7 estimated over each time interval (Fig. 10, bottom panel) , where the arrows indicate the direction of the smoothed motion. The first five consecutive vectors show a clockwise rotation with respect to the median position of C7 (in the rest frame of the observer), except the last vector, which is directed anti-clockwise. Errors of the mean positions are larger than the typical distance between two consecutive mean positions (1σ > 0.03 mas), and, hence, the errors in vector directions can be significant, which means that the clockwise motion of C7 happens by chance. The direction of the last (sixth) vector is determined by the mean position of C7 estimated over the time interval from 2014 to 2016.06 (Fig. 10, middle right panel) . The uncertainty of the mean position is very large (as evident from the large scatter of positions), which makes the direction of the last vector unreliable. Therefore, we exclude the last vector from consideration. We estimate the chance probability that the first five consecutive vectors are oriented in a clockwise direction with respect to the median center. The probability that a randomly oriented vector has a clockwise direction is 1/2. The probability of the five random vectors to have a clockwise direction is (1/2) 5 = 0.031. The significance of this event to happen by chance is about 3 % and it is most likely that on time scales of few years the C7 performs orbital motion with a period of about ten years. Regular long-term and high-cadence VLBI observations at 15 GHz or higher frequency 43 GHz (such as the ones produced by the Boston University Blazar project 1 ) are required to confirm the rotation of C7. BL Lac is being also mon- itored with VLBA at 43 GHz with a typical cadence of about one month, which is higher to that in the MOJAVE program.
Kinematics. We estimate the transverse speeds β C7 = ∆r/(c ∆t) at any epoch t using the apparent displacements ∆r(t, t + ∆t) passed by C7 during the time ∆t, where c is the speed of the light. The transverse apparent speeds of C7 are mostly superluminal (Fig. 11) with a mean speed of 4.6c. Approximately 10 % of the speeds are measured to be less than the speed of the light. The apparent speeds are larger on small time scales and remain superluminal on longer time scales. The slope of the relation is due to the fact that the displacement of the C7 is finite and does not depend on the time interval between successive observations. To demonstrate it we plot the relation β C7 = (2r max /c) ∆t (solid line in Fig. 11) , where 2r max = 0.1 mas is the largest possible apparent displacement. The slopes of the observed and simulated relations coincide very well. Superluminal speeds of C7 are hard to explain by a relativistic motion of C7 in a direction close to the line of sight. Cohen et. al. (2014) suggested that the C7 is a RCS, which swings in an irregular manner and excites transverse waves propagating downstream. The jet of the BL Lac is closely aligned to the line of sight and irregular swinging motion of RCS happens in a nearly face-on plane, thus we should expect superluminal speeds in at least 50 % of motions. Since ≈ 90 % of the estimated speeds are superluminal, we assume that the large apparent displacements and, hence, the measured superluminal speeds are most likely due to significant displacements of the core position. To reduce the effect of the core shift, we use smoothed trajectories of the C7 during the six epochs Fig. 11 . Apparent transverse speed of C7 plotted against the time interval between two subsequent observations. 1σ error bars are presented. The solid line represents the slope of the relation for a maximum apparent displacement, ∆r = 2 * r max = 0.1 mas.
( Fig. 10, bottom left panel) . The mean speed is estimated to be subrelativistic, β C7 = 0.071 ± 0.003. The small standard deviation indicates that the speed of the C7 remains fairly constant over 17 years.
Let us consider the speeds of C7 during the stable state of the jet. As we discussed earlier in this section, during the stable state the core shift contributes significantly to the apparent motion of C7. To eliminate the contribution of the core we consider projections of the apparent displacements of C7 on the axis transverse to the jet. We calculate the total length of 29 transverse projections (0.24 mas) passed by C7 during three years and estimate the mean transverse speed 1.15c, which, in fact, represents the lower limit. Out of 29 measured limiting speeds, 15 are superluminal. This means that most of deprojected speeds on timescales of a month should exceed the speed of light. The large positional errors of C7, which can exceed the apparent displacement between two consequent positions of C7, may cause unrealistic large transverse projections and, hence, apparent low superluminal speeds.
Link between the motion of C7 and wave excitation. The overall jet axis beyond C7 (from 0.26 -3 mas) has dramatically changed over time (Cohen et al. 2015) . Variation of the position angles of the RCS at 15 GHz, 43 GHz and ridge line of the jet at a distance ∼ 1 mas from the core also indicate that the P.A. of the RCS changes on time scales of a few years. Cohen et al. (2015) showed that the excitation of waves labeled as A, D, and F match with swings in P.A. of the RCS. The transverse waves excited by shaking of the RCS propagate along the jet with amplitudes ranging from 0.2 mas to 0.9 mas. We now want to check the changes of the apparent displacement of the RCS during the epochs of the wave's excitation. They concluded that the wave A was excited by RCS between 1998 and 2000.1. From the data available for this period one can see that at epochs < 2000 the apparent displacements of the RCS are relatively large (Fig. 12) . Waves B and C are omitted from consideration since their apparent speeds are not measured because of a poor fit. Wave D with largest amplitude was generated between 2003.5 and 2005. During this time period the RCS has shown an erratic behaviour with maximum apparent displacement ≈ 0.07 mas, which is very similar to shaking of the RCS. Waves E and F are excited between 2008 and 2009 and we are observing extremely large apparent displacements of the RCS, which reach the maximum apparent displacement ∼ 0.1 mas. We conclude that the generation of waves A, D, E, and F is accompanied by passing the RCS of relatively large apparent displacements (> 0.07 mas) or large amplitudes of shakings of RCS. Cohen et al. (2015) have shown that during the stable jet state (2010-2013) the transverse wave activity becomes less intense, jet ridge lines become quasi-sinusoidal with small and variable amplitudes, standing features are prominent, the jet P.A.=−170.5 • becomes fairly constant with small wiggle within ±3 • . The apparent displacements passed by the RCS and its variance are relatively small (Fig. 12) and trajectory of the RCS shows few reversals. Transverse projections of apparent displacements have a size of ≈ 0.04 mas and the size of two opposite reversals is about ≈ 0.02 mas (Fig. 8) . It is notable that the size of the transverse projections match with the amplitude of ≈ 0.04 mas of the transverse wiggling of the P.A. (Cohen et al. 2015) . Moreover, the size of reversals of RCS matches with the maximum amplitude of the ridge line at 2002 .94 (Fig. 14 in Cohen et al. 2015 . This suggests that during the jet stable state the RCS acts as the nozzle of the jet and generates quasi-sinusoidal waves with amplitudes less than ≈ 0.02 mas.
On-sky brightness asymmetry
Scatter of 116 positions of C7 on the sky between 1999.37 and 2016.06 is shown in Fig. 13 . The sizes of the circles correspond to the flux density of C7 ( f C7 ), which ranges from 0.17 Jy to 4.4 Jy. As evident from visual inspection of Fig. 13 the distribution of flux densities is asymmetric along and transverse to the jet central axis (dashed line). The flux densities tend to weaken down the jet and in a direction transverse to the jet axis. It follows to note that these effects are not result of the core shift since the latter is independent of brightness variation of C7. Change of the core shift, which may lead to a different degree of asymmetry of displacement vectors, can stretch the observed trajectories of C7 along the jet axis.
To characterise the effect of the brightness asymmetry we plot the flux density of C7 against its distance from the core projected on the jet axis d j (Fig. 14) . The spatial distribution of flux densities along the jet axis (Fig. 14) shows a tendency for a wider range of flux densities at shorter distances from the core. The flux density range decreases by a factor of four between 0.2 mas and 0.3 mas. Kendall's τ rank analysis shows that the projected distance of C7 from the core and its flux density are anticorrelated (τ = −0.35) with high confidence level (> 99.99 %). Brightening of emission upstream in the jet can be explained by a radial velocity field of C7, when the line of sight of the observer is located outside the jet cone. If the steep decrease of the flux density downstream the jet is due to adiabatic cooling of C7 then we should expect an expansion of C7 with time, regardless if it is moving (downstream) or not. The relation between full width at half maximum (FWHM) size of C7 and epoch of observation is shown in Fig. 15 . In contrary, the size of C7 on average decreases with time, thus excluding the adiabatic cooling scenario.
The emission of C7 is found to be brighter on the east side from the jet axis compared to that on the west (Fig. 13) . To characterise this appearance we define a degree of asymmetry by means of measuring the relationship between f C7 and the offset jet distance d t (or projected distances of C7 transverse to the jet axis). The correlation coefficient would be zero for the reflectional symmetric distributions. Kendall's τ rank analysis (Fig. 16) shows a significant correlation τ = −0.37 (p > 0.99) between f C7 and d t . Thus the flux density distribution of the C7 is significantly asymmetric with respect to the jet axis. Enhancement of emission can be due to variation of the intrinsic flux of the jet, its speed, and viewing angle or any combination of those.
Next we estimate the P.A. at which the emission brightening is the strongest and the flux density distribution has a reflectional symmetry. To determine the P.A. we rotate the jet axis by one degree with respect to the median center of C7 from the P.A. jet = −167.9 • until P.A. jet + π = 12 • , and for each given direction we calculate the projections of the apparent displacements of C7 along that direction (d j ), and use the Kendall's τ rank method to estimate the correlation coefficient between the projected distances d j of C7 and its flux densities. The position angle P.A. mb at which the correlation coefficient reaches a maximum defines the axis of maximised brightening emission. The maximum correlation coefficient of 0.47 is reached at P.A. mb = −122 • (dotted line in Fig. 13 ). To estimate the P.A. of the flux density symmetry axis we measure the Kenadall's τ correlation coefficients for each given direction between the transverse distances of C7 and its flux densities and choose the P.A. sym = −120 • (dot-dashed line in Fig. 13 ) at which the correlation coefficient is the smallest (τ = 0.003). The symmetry axis and maximised beaming axis are aligned remarkably close. Alignment of two independently defined axes means that the beaming axis also can serve as an axis of symmetry, P.A. sym = P.A. mb . We define the maximised beaming angle α mb = P.A. mb − P.A. jet = 47.9 • and symmetry angle α sym between jet axis and symmetry axis, α sym = P.A. sym − P.A. jet = 45.9 • , which measures the deviation of maximised beaming axis and symmetry axis from the jet direction.
Time dependence of brightness asymmetry
We examine the change of the brightness asymmetry of C7 over time. For this we divide the sample into two subsamples, one between 1999.37-2007 and another between 2007-2016.06 . The choice of the separating epoch 2007 comes from a consideration of the flux density variation (Fig. 17, red line) . It is noticeable that on scales of a few years the radio emission is relatively low and less variable before 2007, while after 2007 there is a radio burst resulting in high flux densities and high variability. The mean flux density at epochs prior to 2007 is about three times lower than that after 2007 (0.54 Jy and 1.44 Jy, respectively). Flux density distributions for the faint subsample (41 epochs between 1999.37-2007) and bright subsample (76 epochs between 2007-2016.06 ) are shown in Fig. 18  (top and bottom panels, respectively) . The two distributions are positioned asymmetrically with respect to the jet axis: relatively weak flux densities populate the region to the west from the jet direction, while the region to the east is mainly occupied by relatively strong flux densities. This in fact may lead to a spurious brightness asymmetry in the direction transverse to the jet if we consider the whole range of epochs from 1999.37 to 2016.06 (Fig. 13) , which results in significant negative correlation in the f C7 − d t relation plane (Fig. 16 ). To check it we employ the non-parametric Kendall's τ test to estimate the correlation coefficient in the f C7 − d t relation plane for both subsamples. These are equal to τ ≈ −0.2 and have significances of about 95 % for both subsamples, which indicates that the brightness asymmetry is marginally present in both faint and bright subsamples. In the case of brightening of emission towards the core, i.e., the f C7 − d j relation plane, the Kendall's τ ≈ −0.4 with significance of > 99.9 % for both subsamples. The brightening of the emission of C7 towards the radio core and transverse to the jet is present in both the weak and the bright subsamples. So, the effect of brightness asymmetry doesn't depend on brightness changes of the jet, which can be caused by variation of the intrinsic flux density and jet speed at the location of C7. Most likely, the brightness asymmetry of C7 is the result of the orientation of the jet at the C7 position to the line of sight. We will consider this scenario for a simple velocity field model in the next section.
The variation in C7 emission and radio core emission with epoch is shown in Fig. 17 . Utilisation of the z-transformed discrete cross-correlation function tool (zDCF; Alexander 1997) shows that the maximum correlation (0.65) reaches for the time lag of 117 days (0.32 years; Fig. 19 ). We have to be cautious about artificial correlation due to proximity of the core and C7 -the model-fitting procedure may swap or share the flux between closely spaced features. In section 3, we showed that the flux leakage between the radio core and the C7 is typically 10 % and, therefore, we believe that the correlation is real. Flux density variation of the core leads that of C7 with a time lag of about four months. The peak of correlation coefficient is blurred, perhaps, due to the core shifts and/or large dispersion of speeds in the jet plasma. One sigma maximum likelihood intervals of the lag are +157 days and −77 days, which translates to the 1σ lag range from 40 days to 274 days. Perturbations in the core move towards C7 with mean appar- ent speed 0.26 [mas]/0.32 [yr] ≈ 0.8 mas/yr, which translates to the mean apparent speed of ≈ 11c. The latter is comparable to the measured maximum apparent speed of components ∼ 10 c moving beyond C7 (Lister et al. 2009 ). We suggest that the speed of perturbations represents the beam speed of the jet.
Modelling the brightness asymmetry
We employ a simple model for the quasi-stationary component C7 in an attempt to identify the configuration of the velocity field of the jet at C7, which is able to reproduce the observed brightness asymmetry. For simplicity, we assume that C7 is the nozzle of the jet, which swings in the plane normal to the jet central axis and drags along the jet stream such that the jet velocity vectors at the nozzle have an axisymmetric distribution with respect to the jet central axis, which in turn is inclined at a small angle to the line of sight. The directions of the velocity vectors at the nozzle are limited by a cone with opening angle φ. We assume that the line of the sight is outside of the cone, i.e., the jet viewing angle is larger than the half opening angle of the nozzle, θ > φ/2. We further assume that the intrinsic flux density f int and speed of the jet βc are constant and the flux density variability of C7 is due to a change in the orientation of the jet axis with respect to the line of sight.
The position of the nozzle in the plane of motion is described in polar coordinates, where the pole is located at the median center of the C7 positions. The polar radius r (a distance between the pole and the nozzle) and azimuthal angle ϕ define the position of the nozzle (r, ϕ) in the plane of motion. We define the azimuthal angle as positive in the anti-clockwise direction if viewed along the jet central axis.
The direction of the velocity vector of the jet at the nozzle is defined by two angles: ξ is the elevation angle between the velocity vector and the plane of motion and η is the azimuthal angle between the projection of a velocity vector on the plane of motion, r n = r cos(ξ), and the polar radius. In the case of η = 0 we recover the radial velocity field with vectors making an angle ξ with polar radius. Note that an angle π/2 − ξ = φ/2 is the half opening angle of the nozzle. Tangential projection of the radial velocity field on the plane of motion is shown in Fig. 20 (left panel) for 100 random positions generated within the radius r max = 0.05 mas. If 0 < η < π then the velocity field is twisted in a clock-wise direction. The tangential projections of the twisted velocity field are presented in the right panel of Fig. 20 for η = 45 • .
In the relativistic beaming theory the Doppler boosted emission of the jet pattern moving with speed βc at the viewing angle θ C7 is given by (Pacholczyk 1970) ,
where p = 2 for a steady-state jet, appropriate for a core region, α is the spectral index assumed to be α = 0 for unresolved core components, and the Doppler factor is a function of the jet speed and viewing angle, and γ = (1 − β 2 ) −0.5 is the Lorentz factor of the jet flow. To simulate the "observed" brightness distribution of C7, we generate 100 random positions in the circle of radius r max = 0.05 mas, which mimic the observed scatter of C7's positions. Each position of C7 is assigned with a velocity vector having a constant amplitude β and unchanged inclination β(ξ, η) with respect to the motion plane (or the jet central axis). In turn, the jet central axis makes some angle with the line of sight. The viewing angle of BL Lac's jet was estimated in a number of works discussed in Cohen et al. (2014) . Viewing angles are found in the range from 3 • to 12 • . The measured maximum apparent speed of the jet β app = 9.95 ± 0.72 (Lister et al. 2013 ) puts an upper limit to the jet viewing angle θ max ≈ 12 • and lower limit to the Lorentz factor of the jet γ min = 10. We adopt the Lorentz factor of the jet γ = 10 (or the jet speed β = 0.995) and viewing angle of the jet central axis θ = 8 • , which results in the apparent speed β app = 7.2, and the opening angle of the nozzle φ = 10 • . The latter is chosen so that the half opening angle of the nozzle φ/2 = π/2 − ξ = 5 • is smaller than the viewing angle of the jet central axis θ = 8 • . Note that the choice of φ value does not affect conclusions about simulated brightness asymmetry of C7.
We consider two models of the axisymmetric velocity fields, these are the radial and twisted velocity fields. The radial velocity field is described by η = 0 • and ξ = 90 − φ/2 = 85 • . For the given θ = 8 • and intrinsic flux density f int = 0.5 Jy, we calculate the viewing angle θ C7 at each position of C7 and, thus, the enhanced flux densities of C7 from Eq. (18). The projected velocity vectors of C7 are distributed symmetrically with respect to the jet axis ( Fig. 21 (a) , top panel) and their amplitudes become smaller at distances closer to the core. It implies that the line of sight projections of the velocity vectors increase closer to the core, and, hence, the Doppler brightening increases upstream (Fig. 21 (a) , bottom panel). The flux density field is symmetric and the symmetry axis is aligned with the jet axis (α sym ≈ 0 • ). The simulated flux density ranges from 3 Jy to 117 Jy.
The direction of a symmetry axis can substantially deviate from the jet axis for non-radial velocity fields, for example, as in the case of the radial velocity vectors, which are twisted at an angle of η = 45 • (Fig. 21(b) , top panel). The corresponding flux density field is also symmetric but the axis of symmetry is rotated by 46 • (dotted straight line in Fig. 21 (b) , bottom panel) with respect to the jet axis (dashed line). Brightening of the emission is maximised along the symmetry axis at α sym = 46 • and the moderate brightening exists also upstream. The latter findings mimic those estimated for the observed flux density distribution of C7, i.e. α sym ≈ 37 • , and brightening of the C7 emission close to the core (see Fig. 14) . Thus the velocity field twisted in a clock-wise direction is able to reproduce the observed brightness asymmetry of C7 and determines the parameter α sym , which characterises the direction of the brightness asymmetry. Simulations show that the increase of an azimuthal angle leads to the rotation of the symmetry axis such that η ≈ α sym . The rotation of the symmetry axis by 46 • is shown in the bottom panels of Fig. 21 (a) and Fig. 21 (b) for η = 0 • and η = 45 • , respectively.
For the given jet viewing angle θ = 8 • , the radial velocity field of the nozzle can produce the flux density brightening upstream but not the observed brightness asymmetry. The latter can be modelled by the twisted axisymmetric velocity field, which forms by swinging of the jet nozzle. More sophisticated model of the velocity field is needed to fully describe the characteristics of the observed brightness asymmetry. We will elaborate it in an upcoming paper.
Discussion
In section 4 we found that the displacements of the core in the jet direction can dominate over the displacements of C7. What is the origin of the core shifts? One of the plausible scenarios is the resolution-dependent core shift. Cohen et al. (2014) noted that the core of BL Lac at 15 GHz is a compound core, which consists of two stationary features observed with high resolu- tion VLBA at 43 GHz (Jorstad et al. 2005) . The beam size at 15 GHz is ∼ 1 mas and this is not enough to resolve these two features positioned at 0.1 mas angular displacement. Relative brightness of these two stationary features results in movement of the 15 GHz core in the direction of the jet axis. The core shift may happen because of physical and geometric effects, e.g., the change of opacity during the radio flares and wobbling of the jet. The opacity change is due to an increase of particle density or amplitude of the magnetic field. Wobbling of the jet can be produced either by variations of flow injection, which may result from changes in the particle density or magnetic field configuration caused by either turbulence or irregularities in the accretion process (e.g., Agudo et al. 2012) , or nuclear flares, which increase significantly the density of emitting relativistic particles in the core region (Plavin et al. 2019) , or from orbital motion of compact objects in a binary black hole system (Valtonen et al. 2006) . Projection effects can also cause the core shifts in the case of the large apparent P.A. variations of the jet and sharp jet bends if the jet viewing angle is small.
It should be noted that only the resolution-dependent core shift and change of opacity are able to produce the core shifts along the jet axis. In other scenarios the core shift may happen in random directions depending on the positioning of the jet with respect to the line of sight.
For BL Lac, the core shift contributes significantly to the apparent motion of C7 (or RCS). Significant contribution of the core shift and probable large positional errors of C7 blurs and makes impossible to precisely trace the motion of C7. Ideal candidates among blazars for studying the motion of stationary components are those with insignificant core shift. A high cadence VLBA monitoring at high radio frequencies (e.g., 43 GHz) would be advantageous to escape the resolutiondependent core shift effects, track the dynamics and test the rotation of C7.
During the jet stability period the brightness of the core and RCS rises erratically between 2011.5 and 2013.5 (red line in Fig. 17 ). Such an unusual strong activity is also observed in a wide electromagnetic spectrum from millimetre through gamma-rays between 2011.4 and 2012.8 (Raiteri et al. 2013 ). Variation of the speed and viewing angle of the jet cannot cause strong flux density variability since the pattern speed of moving components don't show an increase between 2010 and 2013 (Cohen et al. 2014 ) and the P.A. of the RCS (or the viewing angle of the jet) remain almost unchanged (Cohen et al. 2015) . Interplay between the jet plasma flow (or accretion rate activity) and the strength of a helical magnetic field of the jet can be responsible for the exceptional flare activity. It remains unclear if the state of the jet stability and the late event of the violent radio flux variability are physically related or they are two independent superimposed events.
Conclusions
The principal results of our analysis of 116 positions of the quasi-stationary component C7 of the jet in BL Lac can be summarised as follows:
-The motion of the C7 is limited to an area of about 0.1 mas (0.13 pc). The estimated positional errors of C7 represent the lower limits. The average value of the position errors along the jet axis (7.6 µas) is larger than that in the transverse direction (2.1 µas) by a factor of 3.5. The typical upper limits of positional errors are larger than a few times the lower limits. Simulations show that the proximity of the bright core and C7 does not lead to a spurious dependence between the C7 position and its flux and that the flux leakage between C7 and the radio core is typically within 10 %. -The apparent displacement vectors of C7 have an anisotropic distribution and show asymmetry in the jet direction with tendency to be longer along the jet axis. These effects are most likely due to resolution-dependent core shift and/or opacity effects. -We develop a statistical tool for estimating the mean and variance of the displacements of the core and C7. We find that the displacements of C7 (isotropic component) and the core (anisotropic component) have an almost commensurate contribution to the apparent displacements of C7. The core displacement dominates over the displacement of C7 during the stable jet state and vice-versa during the swinging activity. The RMS of the spatial displacements of the core are a factor of four larger than those of the C7. -The displacement of the C7 on time scales of months is complex, showing swinging motion with reversals of the direction. The trajectories of C7 smoothed over time scales of a few years show orbital-like motion with a period of about 10 years and mean subrelativistic speed (0.071 ± 0.003) c. Long-term monitoring with high cadence VLBA observations is needed to confirm it. During the jet stability period C7 shows superluminal speeds on time scales of a month. -We confirm that the excitation of transverse waves moving along the jet are generated by the motion of the C7, which acts as the nozzle of the jet. The excitation of transverse waves with relatively large amplitudes ( 0.2 mas) are associated with excessively large apparent displacement vectors (> 0.07 mas) of the nozzle. Quasi-sinusoidal stable waves with small amplitudes ( 0.02 mas) are generated by the reversal motion of the nozzle within the angular distance of ≈ 0.02 mas (0.03 pc), which matches nicely with the amplitudes of the excited waves.
-The on-sky distribution of flux densities of C7 reveals a statistically significant brightening of the emission upstream and transverse to the jet. The observed brightness asymmetry does not dependent on the epoch and is rather associated with a regular change of the jet viewing angle at the location of the C7 (or the nozzle). -The asymmetry of the brightness can be reproduced by a toy model of C7. The model assumes an axisymmetric twisted jet velocity field for the C7 and a jet viewing angle of 8 • , while the intrinsic flux density and speed of the jet are unchanged. More sophisticated models are necessary to recover the jet viewing angle of the BL Lac and parameters characterising the velocity field of the jet.
